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Prof essor M das drives an autonobile from Newark to
Reno along Interstate 80. H's car's gas tank, when full,
hol ds enough gas to travel n mles, and his map gives the
di stances between gas stations on his route. The professor
wi shes to nake as few gas stops as possi bl e along the way.
G ve an efficient nethod by which Professor M das can
determ ne at which gas stations he should stop, and prove

that your strategy yields an optinml solution.

The professor knows the distance the autonobile can
travel on a full tank of gas, n. The professor starts with
a full tank and drives until he can not nake it to the gas
station past the next w thout running out of gas. He then

nmust stop at the next station.

Nunber the stations fromO..m Let i be the next gas
station on the route and i + 1 be the gas station after the
next. He fills his gas tank at station i only when he can

not make it to station i + 1 without nore gas.

Using this algorithmwe obtain a |ist of gas stations
at which the professor will fill up his tank
s0,s1,s2...sk. Because this algorithmis greedy we claim

that k is a m ni num

Proof by contradiction: assune that k is not a m ni nrum
Then create another |list of stations t0,t1,t2...tl so that



| < k. This nust be a greedy list so that sO can't cone
before t0, sl can't come before t1l, and so on. Eventually
we reach the case that sl can't conme before tl. But if
this is the case then station sl + 1 can't be reached. The
professor will run out of gas before reaching sl + 1
because s|l + 1 exists after sl. This is a contradiction

and k nmust be a m ni num

2. 16.3-3.
Prove that the total cost of a tree for a code can al so
be conputed as the sum over all the internal nodes, of the

conbi ned frequencies of the two children of the node.



Let tree be a full binary tree with n | eaves. Apply
i nducti on hypothesis on the nunber of |eaves in T. Wen n=2
(the case n=1 is trivally true), there are two | eaves x and

y (say) with the sane parent z, then the cost of Tis

B(T) = f(x)dT(x) + f[y]dT(y)
fIx] + f[y] since dT(x) = dT(y) =1
flchildl of z] + f[child2 of z].

Thus, the statenent of theoremis true. Now suppose n>2 and
al so suppose that theoremis true for trees on n-1 | eaves.

Let ¢l and c2 are two sibling |leaves in T such that they
have the sanme parent p. Letting T be the tree obtained by
deleting cl1 and c2, we know by induction that

B(T) = Sleaves |~ in T f[I7]dT(I")
= Sinternal nodes i~ in T f[childlof i ] + f
[child2 of ]

Using this information, calculates the cost of T.

B(T) = Sleaves | in T f[I]dT(l)

= Sl not=cl1, c2 f[I1]dT(l) + f[c1]dT (cl) -1) + f
[c2]dT (c2) -1) + f[cl]+ f[c2]

= Sleaves |~ in T f[I]dT (lI) + f[cl]+ f[c2]

= Sinternal nodes i~ in T f[childlof i'] + f



[child2 of "] + f[cl]+ f[c2]
= Sinternal nodes i in T f[childlof i] + f
[childlof i]

Thus the statenent is true. And this conpletes the proof.

The question is whether Huf fman's al gorithm can be
generalize to handle ternary codewords, that is codewords
using the synbols 0,1 and 2. Restate the question, whether
or not some generalized version of Huffrman's al gorithm
yields optimal ternary codes? Basically, the algorithmis
simlar to the binary code exanple given in the CLR-text
book. That is, pick up three nodes (not two) which have the
| east frequency and forma new node with frequency equal to
the sunmation of these three frequencies. Then repeat the
procedure. However, when the nunber of nodes is an even
nunber, a full ternary tree is not possible. So take care

of this by inserting a null node with zero frequency.

Correct ness

Proof is immediate fromthe greedy choice property and an
opti mal substructure property. In other words, the proof is
simlar to the correctness proof of Huffrman's algorithmin
the CLR



3. 16-1.
Consi der the problem of making change for n cents using
the fewest nunber of coins. Assune that each coin's val ue

IS an integer.

a. Describe a greedy algorithmto nake change consisting of
quarters, dines, nickels, and pennies. Prove that your
algorithmyields an optimal solution - an optimal sol ution

havi ng the fewest nunber of coins.

Start with the | argest coin denom nation (a quarter).
Divide the total n by 25. Then take the renai nder and
divide it by 10 yielding the nunber of dines. Then take
the remai nder and divide it by 5 yielding the nunber of

ni ckels. Again for pennies. Nunerically this |ooks |ike:

n/ 25 = # of quarters

n nod 25 = x

x [ 10 = # of dines
x mod 10 =y

y/l 5.....

Once again we prove this greedy algorithmis optinmal by
contradiction. W note that the greedy solution can have
at nost 4 pennies, 1 nickel, and 2 dinmes. But 2 dines and
a nickel is a quarter so this conbination is not all owed.
Pick a non-greedy solution for contradiction. Note that
the solution nust be optimal. We will call this non-greedy
solution S. S can't have nore then 4 pennies and be
optimal. Nor can it have 2 nickels or even 3 dines and
still be optimal (less coinage is better in this case). |If

S has >= 50 cents in dines then 5 dines can be swapped out



for 2 quarters (sub-optimal until dinmes are swapped for
quarters). Using the algorithmoutlined above we al ways
obtain a greedy solution that is nore optimal then S. This

is the contradiction.

b. Suppose that the available coins are in the

denom nations that are powers of ¢, i.e., the denoninations
are c"0, c™l, c™2,..., c™k for some integers ¢ > 1 and k >=
1. Show that the greedy al gorithm always yields an opti mal

sol uti on.

Once agai n proof by contradiction: Pick a non-greedy
solution for contradiction. Note that the solution nust be
optimal. We will call this non-greedy solution S. The
greedy solution yields ¢ nunbers of c?j (j < k). Since S

i s non-greedy there nust exist at |east one "coin" c”j that
Is in the solution nore then c tines. This "coin" can be
replaced by a single c”(j+1) and the rest remain c?j. This
proves that a non-greedy solution is not optimal and thus
proves by contradiction that a greedy solution is optinal.

c. Gve a set of coin denom nations for which the greedy
al gorithm does not yield an optimal solution. Your set
shoul d include a penny so that there is a solution for

every val ue of n.
G ven the solution set {1, 5, 10, 20, 25}, it is inpossible
to create an optinmal solution using tyhe greedy nethod for

40 cents.

d. Gve an Q(nk)-tine algorithmthat makes change for any



set of k different coin denom nations, assum ng that one of

the coins is a penny.

As proved in "c" above, greedy can't be optinmal for any
possi bl e k denom nations. However we can base a dynam c
solution on what we developed in part "a". Instead of
nodulus arithnetic we will use sinple subtraction to
achieve simlar results. Suppose the optinmal solution
contains coin of denomi nation d. Then we have n - d we

nmust find the optinmal solution for:

W create an array in which each elenent Ali] tells us how
to optimally create i cents. W do this recursively and
soon have an array that tells us howto optimally create n
cents in change.

Ali] =mn (12, Ali -j] ); j is any possible denom nation
This can be done in Q(nk)-tine.



