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1. Exerci se 22.5-7.

A directed graph G= (V, E) is said to be sem -connected

if, for all pairs of vertices u, v € V, we have u -> v or
v ->u. Gve an efficient algorithmto determ ne whet her
or not Gis sem-connected. Prove that your algorithmis
correct, and analyze its running tine.

Note: | approach this problemassum ng "sem -connected" is
equi val ent to weakly connected for this particular
algorithmsince directionality is alluded to (using the

directional arrows) but not defined in the question.

Start by finding all of the strongly connected conponents
of the graph G According to CLRS page 1082, strongly
connected conponents are the equival ence cl asses of
vertices under the "are nutually reachabl e"” relation

Qbvi ously, fromthis definition, we can traverse from any
vertex to any other vertex listed in the sane conponent.
Each of these conponents can strongly connected conponent
can shrink to a single vertex. This will create a new
directed acyclic graph G. Fromthis we can see that any
sem -connected (weakly connected) graph Gis sem -
connected iff G is sem-connected. Now we need to place
the vertices in G order topologically (DFS/ Topol ogi cal
sort). Nunber the vertices in this list fromcO..cj.
Since this graph is acyclic we know that for any node ci
< cj there exists a path fromci->cj but not fromcj->ci.
The graph G is sem-connected if for all i there exists

an edge between ci and ci+1 (ci->ci+1l). The runtine



performance of this algorithmis Q| E).

An addi tional note: a much nore sinple algorithmis to use
DFS from each node v to create a |list of all nodes visited
fromthat starting point (precisely as we did in the |ast
homework). Do that for all nodes. Then take every

possi ble pair of vertices fromV and ensure that each is
listed in the others DFS list. The drawback to this
algorithmis it runs in Q|V||E).

. Exerci se 23.1-6.

Show that a graph has a uni que m ni num spanning tree if,
for every cut of the graph, there is a unique |ight edge
crossing cut. Show that the converse is not true by

gi ving a count erexanpl e.

Converse: There is a unique |light edge crossing the cut if

t he graph has a uni que m ni mrum spanni ng tree, MST.

Suppose there is a unique |light edge at each cut and there
are two MSTs for the graph. Wcan show that on of these
trees can be changed into the other to forma “lighter”
spanning tree. This neans that it is not mninmm and
therefore there is a unique MST.

Suppose, without |oss of generality, that the two MSTs are
exactly the sane except for a pair of edges such that one
edge is used by one tree and the other edged is used by
the other tree. Since these are spanning trees, we can
come up with a cut that crosses the two edges, only
crossing one edge in each tree. One of these two edges
nmust have a | ower wei ght (assum ng unique weights). W

can replace the tree that uses the higher wei ghted edge



with the other tree, and nowit is a better tree.

Therefore, the tree could not have been a m ni num

. Exerci se 23.1-8.

Let T be a mninmum spanning tree of a graph G and let L
be a sorted list of the edge weights of T. Show that for
any other mninmum spanning tree T' of G the list Lis

also the sorted |ist of edge weights of T'.

. Exerci se 23. 2-4.

Suppose that all edges weights in a graph are integers in
the range from1l to |V|]. How fast can you nake Kruskal's
algorithmrun? Wat if the edge weights are integers from

1 to Wfor sone constant W



